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How to detect quantum correlations in bi-partite scenarios using a split many-body system and
collective measurements on each party? We address this question by deriving entanglement witnesses
using either only first or first and second order moments of local collective spin components. In both
cases, we derive optimal witnesses for spatially split spin squeezed states in the presence of local
white noise. We then compare the two optimal witnesses with respect to their resistance to various
noise sources operating either at the preparation or at the detection level. We finally evaluate the
statistics required to estimate the value of these witnesses when measuring a split spin-squeezed
Bose-Einstein condensate. Our results can be seen as a step towards Bell tests with many-body
systems.
I. INTRODUCTION
Substantial efforts have been devoted in the past years
to the characterization of many-body systems through
the entanglement of their elementary bodies [1, 2]. While
entanglement is usually detected using entanglement
witnesses in many-body systems, first theoretical [3–8]
and experimental [9] steps have been taken to test a
Bell inequality on a many-body system. The interest
is twofold. First, the violation of a Bell inequality
certifies the presence of a stronger form of quantum
correlations than entanglement, namely Bell correlations
[10]. Second, Bell inequalities certify the presence
of non-classical correlations device-independently, i.e.
without assumption on the Hilbert space dimension or on
the structure of the measurement operation [11]. While
Bell correlation witnesses have been proposed and used
recently to successfully detect Bell-correlated states in
a Bose-Einstein condensate [9], the device-independent
detection of non-classical correlations remains to be
demonstrated in many-body systems. The main prob-
lem is that Bell tests require to address the constituent
bodies individually, which is challenging in many-body
systems. A natural approach to circumvent this problem
consists first in a bi-partite splitting of the constituent
bodies and then, in applying collective measurements
on each party. While the ultimate goal is to perform a
Bell test, we focus on a simpler task in this manuscript,
namely the detection of entanglement between these two
parties.
Let us clarify the scenario. We consider an ensemble
of N atoms with two internal states 1 and 2 and located
at location A. Let aˆi and aˆ
†
i with i ∈ {1, 2}, be the corre-
sponding bosonic operators satisfying [aˆi, aˆ
†
j ] = δi,j . To
describe this ensemble of atoms, we use the picture of a
collective spin, i.e. a vector of operators ~JA with compo-
aˆ1
aˆ2 bˆ2
bˆ1
A B
Figure 1: Schematic representation of the four mode system
of interest. The two internal states of the atoms located in A
are initially prepared in a coherent spin state along the x di-
rection (5) before being squeezed with one-axis twisting (6).
The atoms are then spatially split and distributed between
A and B with a binomial distribution before being measured
collectively. The aim of this manuscript is to propose entan-
glement witnesses that could be used to reveal entanglement
between the locations A and B in the presence of noise.
nents
JˆAx =
1
2
(aˆ†1aˆ2 + aˆ1aˆ
†
2), (1)
JˆAy =
1
2i
(aˆ†1aˆ2 − aˆ1aˆ†2), (2)
JˆAz =
1
2
(aˆ†1aˆ1 − aˆ†2aˆ2) (3)
satisfying the commutation relations
[JˆAi , Jˆ
A
j ] = iijkJˆ
A
k (4)
where ijk is the Levi-Civita symbol and i, j, k ∈ {x, y, z}.
The component JˆAz of the collective spin is half the popu-
lation difference between the two internal states while JˆAx
and JˆAy describe the coherence between these two states.
We consider the case where initially this spin points in
the x direction
|ψ0〉 = 1√
N
e−i
pi
2 Jˆ
A
y aˆ†N1 |0〉 (5)
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2and then undergoes one-axis twisting [12, 13]
|ψ〉 = e−iχt(JˆAz )2 |ψ0〉 . (6)
This results in a spin-squeezed state, i.e. a state for
which the variance along a certain direction (∆JˆA⊥ )
2 =
〈(JˆA⊥ )2〉 − 〈JˆA⊥ 〉2 is smaller than 1N |〈JˆAx 〉|2. This means
that the mean spin projection of the state is large, and
in a direction orthogonal to it, the spin variance is small.
While the product of the squeezing rate χ and interaction
time t could be used to quantify the amount of squeezing
as in Ref. [14, 15], one usually refers to the spin squeez-
ing or Wineland parameter [16, 17] ξ2 =
N(∆JˆA⊥)
2
〈JˆAx 〉2
. For a
coherent spin state like |ψ0〉 , ξ2 = 1. ξ2 < 1 witnesses
metrologically useful states, see e.g. [13, 18] for a detailed
discussion. For the state |ψ〉, this parameter is given by
ξ2 =
1
4
cos(χt)2−2N
(
3 +N − (N − 1)( cos(2χt)N−2
+
√
(1− cos(2χt)N−2)2 + 16 cos(χt)2N−4 sin(χt)2)).
In the rest of the paper, we quantify spin squeezing
through the quantum noise reduction in dB using
10 log10(ξ
2) for N = 500 atoms. -10 dB squeezing for
example corresponds to χt = 0.0058. Note that the
existence of spin squeezing is connected to quantum cor-
relations between the spins [14] and many entanglement
witnesses have been derived for spin squeezed states, see
[12] and [13] for reviews.
In this manuscript, we consider the case where the
atoms are spatially split with a state independent beam-
splitter, i.e.
|φ〉 = epi4 (aˆ†1bˆ1+aˆ†2bˆ2−h.c.) |ψ〉 (7)
where bˆi and bˆ
†
i are bosonic operators for the location
B, see Fig. 1. Our aim is to show how to reveal
entanglement between A and B using the collective spin
observables given in Eqs. (1)–(3) and similarly for B.
Let us mention that entanglement [19–22] and steering
[23] have been studied in a different scenario where a
beam splitter interaction is applied in order to couple
two spin squeezed states. In this manuscript, we show
how to derive optimal witnesses for the state |φ〉 in
the presence of local white noise using either only first
or first and second order moments of local collective
spins. Interestingly, we find in each case witnesses that
are closely related to existing entanglement criteria
[24–27] and we show how they could be used to reveal
entanglement in a split Bose-Einstein condensate (BEC).
Concretely, we consider a two-component BEC
of alkali atoms where two hyperfine states represent a
pseudo-spin 12 for each atom, see Fig. 1. Such a BEC can
be prepared in one of the two hyperfine levels without
discernible thermal component before being rotated with
a pi/2 pulse around the y axis, hence creating a coherent
spin state pointing along the x-direction as described
by (5). To create quantum correlations between the
spins, one can make use of elastic collisions in state
dependent potentials [28, 29], giving rise to one-axis
twisting as in Eq. (6). The spatial splitting is done by
slowly raising a barrier in a state-independent potential
as in Refs. [30, 31]. To characterize the resulting state,
the collective observables Jˆ
A/B
z can be accessed locally
in each well by counting the numbers of atoms in each
hyperfine state using resonant absorption imaging [32].
Projections along other spin directions are obtained
by appropriate Rabi rotations in each well before the
measurement. We show through a detailed feasibility
study that the detection of entanglement in this system
in within reach using currently available setups.
The outline of this paper is the following. In section
II, we derive witnesses using first order moments of local
collective spin operators, i.e. 〈JˆAi 〉, 〈JˆBi 〉, 〈JˆAi JˆBj 〉 where
i, j labels the components in the directions x, y and z.
We show in particular, the entanglement witness that
is optimal regarding the tolerance to local white noise.
In section III, we consider the set of witnesses involving
not only first order moments of local collective operators,
but also the second order moments 〈(JˆAi )2〉 and 〈(JˆBi )2〉
and derive again the witness that is optimal with respect
to the tolerance to local white noise. The optimal wit-
nesses presented in sections II and III are then compared
in section IV with respect to various experimental issues
operating either at the level of the state preparation or
at the level of the detection. The section V is devoted
to a feasibility study using a spin-squeezed Bose-Einstein
condensate. We quantify in particular the statistics that
is needed to estimate the value of our entanglement wit-
nesses in realistic parameter regimes. We conclude in the
last section.
II. ENTANGLEMENT WITNESSES USING
FIRST ORDER MOMENTS OF LOCAL
COLLECTIVE SPIN OBSERVABLES
This section is divided into three subsections. The first
one shows how to derive entanglement witnesses using
first order moments of local collective spin observables.
The second subsection aims at identifying the witness
that is optimal with respect to local white noise. The
last subsection presents the result of this optimization.
A. Construction of entanglement witnesses
We first consider the case where na atoms are located
in A and nb in B. With this in mind, we focus on the
set of expectation values of first order moments of local
collective spin observables (LCSO). This is a real space
consisting of all possible values of 〈JˆAi 〉, 〈JˆBi 〉, 〈JˆAi JˆBj 〉
3Wopt(~↵)
U
L
Figure 2: Schematic representation of the set U of expectation
values of first order moments of local collective spin observ-
ables 〈JˆAi 〉, 〈JˆBi 〉, 〈JˆA,Bi,j 〉 where i, j, k ∈ {x, y, z} satisfying
||〈 ~JA〉|| ≤ na
2
and ||〈 ~JB〉|| ≤ nb
2
. The subset L is generated
by the expectation values of first order moments of local col-
lective spin observables obtained from separable states (9).
Since L is a convex set, a family of linear witnesses is suffi-
cient to fully characterize it.
where i, j, k = {x, y, z}. Note that the marginals 〈JˆAi 〉
and 〈JˆBi 〉 are constrained by
||〈 ~JA〉|| ≤ na
2
||〈 ~JB〉|| ≤ nb
2
. (8)
This can be seen by noting that by a rotation, the vec-
tor 〈 ~JA〉 = (〈JˆAx 〉, 〈JˆAy 〉, 〈JˆAz 〉) can be brought to a form
where one component only is non vanishing. As any com-
ponent JˆAi has −na/2 and na/2 as eigenvalues with the
largest modulus, ||〈 ~JA〉|| is bounded by na/2. The same
arguments apply to ||〈 ~JB〉||. We call U the space of possi-
ble values of 〈JˆAi 〉, 〈JˆBi 〉, 〈JˆAi JˆBj 〉 satisfying the inequality
(8).
We now consider a subspace L generated by the ex-
pectation values of first order moments of LCSO that are
obtained from separable states, i.e. states of the form
ρna,nb =
∑
k
pkρ
A(k)
na ⊗ ρB(k)nb (9)
where pk is a probability distribution. L is a convex set.
This can be seen by considering the sum Λ ~X + (1−Λ)~Y
of two vectors in L where Λ is an arbitrary positive real
number smaller than or equal to 1. The components of
Λ ~X + (1 − Λ)~Y can be written as a sum of two traces
involving the same LCSO and two different separable
states. By the linearity of the trace and the convexity of
the set of separable states, we deduce that Λ ~X+(1−Λ)~Y
belongs to L, i.e. L is convex. Hence, to characterize L, it
is sufficient to consider witnesses that are linear with re-
spect to 〈JˆAi 〉, 〈JˆBi 〉, 〈JˆAi JˆBj 〉, see Fig. 2. Such witnesses
are of the form W (~α)na,nb = 〈Wˆ (~α)〉 with
Wˆ (~α) =
∑
i,j=x,y,z
αi,j Jˆ
A
i Jˆ
B
j + α¯iJˆ
A
i + αiJˆ
B
i (10)
the corresponding operators. These witnesses can be
parametrized by a vector ~α = (αi,j , α¯i, αi) with 15 el-
ements. Each vector ~α defines one particular direction
in the space U and the maximum value that a given
W (~α) can take over the set of separable states defines
the boundary of L in the direction ~α.
For any separable state of the form (9), we have
W (~α)sep,na,nb ≤ max
k
( ∑
i,j=x,y,z
αi,j〈JˆA(k)i 〉〈JˆB(k)j 〉
+α¯i〈JˆA(k)i 〉+ αi〈JˆB(k)i 〉
)
(11)
where W (~α)sep,na,nb refers to the set of values attainable
by W (~α)na,nb while considering only the separable states
given in Eq. (9), 〈JˆA(k)i 〉 = tr
(
ρ
A(k)
na Jˆ
A
i
)
and similarly
for 〈JˆB(k)i 〉. For a given choice of ~α, the value of k which
saturates the inequality (11) defines a separable bound
w(~α)na,nb , i.e. the maximum value that W (~α)sep,na,nb
can take. The latter can be computed as
w(~α)na,nb = max||〈 ~JA〉||≤na2 ,||〈 ~JB〉||≤
nb
2
( ∑
i,j=x,y,z
αi,j〈JˆAi 〉〈JˆBj 〉
+α¯i〈JˆAi 〉+ αi〈JˆBi 〉
)
.
This yields the following family of witnesses
w(~α)na,nb −W (~α)na,nb ≥ 0 (12)
which are satisfied by measurement on all separable
states. A violation of this inequality reveals the presence
of entanglement.
Now consider the case in which N spins are split lead-
ing to a fluctuating number of particle between the two
locations A and B at each run. Since we are only con-
sidering local spin observable measurements, the coher-
ence between different atom numbers on each side can-
not be probed and only the distribution of the particles
p(na, N − na) between the two wells matters. Follow-
ing the same line of thought we get a separable bound
for any distribution of particles across the two wells, in-
cluding the case where the atomic fluctuations during
the splitting result in reduced fluctuations of the rela-
tive atom number between A and B. That is, w(~α) =∑
na
p(na, N − na)w(~α)na,N−na . Since we are consider-
ing the splitting given in Eq. (7) leading to a binomial
distribution of particles, we end up with the separable
bound
w(~α) =
∑
na
1
2N
(
N
na
)
w(~α)na,N−na (13)
and the corresponding entanglement witnesses
w(~α)−W (~α) ≥ 0 (14)
with W (~α) the expectation value of Wˆ (~α) given in Eq.
(10), evaluated on the state (7) which involves variable
local atom numbers.
4B. Optimal witness with respect to local white
noise
Now that a family of witnesses is available, we want
to find the one that is the most relevant for the scenario
described in the introduction. In particular, we consider
the general case where the split spin squeezed state |φ〉
experiences local white noise in each location, i.e. we
consider the state
ρnoisy = p |φ〉 〈φ|+
N∑
k=0
(1− p)
(k + 1)(N − k + 1)
(
N
k
)
Ik⊗ IN−k
(15)
where Ik is the identity for k particles in the symmet-
ric subspace and we look for the witness that can de-
tect entanglement for the smallest value of p. Note first
that W (~α)ρnoisy = tr(Wˆ (~α)ρnoisy) = p tr(Wˆ (~α) |φ〉 〈φ|) =
pW (~α)|φ〉. For a given choice of ~α, we define W (~α)
opt
|φ〉
as the maximal value of W (~α)|φ〉 over all possible local
rotations. Since entanglement is by definition invariant
under local rotation, the resistance to noise of the witness
corresponding to the direction ~α is given by
pW (~α)opt|φ〉 = w(~α). (16)
The optimal witness is thus associated with the particu-
lar direction ~α such that the ratio w(~α)/W (~α)opt|φ〉 takes
the smallest possible value. Since the state |φ〉 depends
on χt and N, the procedure needs to be repeated when
changing these two parameters. The result of this opti-
mization is given in the next subsection.
C. Result of the optimization
-3 dB-5 dB-10 dB
100 200 3000.98
0.99
1
N
p
Figure 3: Tolerable noise as a function of the number of atoms
for the criterion (17) for different squeezing. The black dots
correspond to the results of the numerical optimization, which
have been obtained following the procedure described in B.
In order to find the witness admitting the largest
amount of noise, we minimized numerically the value of
the ratio w(~α)/W (~α)opt|φ〉 over all choices of ~α and of lo-
cal unitaries. We display the results of this optimization
(black dots) in Figure 3 where we plot the resistance of
noise vs. the spin number for various squeezing parame-
ters. For comparison, we also plot the resistance of the
criterion S (solid, dashed and dotted lines) whose pre-
cise form is given below in a basis where the state |φ〉 is
rotated by the squeezing angle around the x axis before
the beamsplitter so that z corresponds to the squeezed
direction [13]
S = 〈JˆAx JˆBx 〉+ 〈JˆAy JˆBy 〉 − 〈JˆAz JˆBz 〉 ≤
N(N − 1)
16
. (17)
The previous inequality holds for any separable state.
It is closely connected to the minimization of the scalar
product between ~JA and ~JB [27], which requires corre-
lations between the two parties to be violated, namely
entanglement. The comparison in Figure 3 shows that
this scalar product is the optimal entanglement witness
involving first order moments of LCSO for spin squeezed
states with local white noise in the considered parameter
region.
III. ENTANGLEMENT WITNESSES USING
SECOND ORDER MOMENTS OF LOCAL
COLLECTIVE SPIN OBSERVABLES
In this section, we follow the line of thought presented
in the previous section to develop entanglement witnesses
involving higher order moments. We start by consider-
ing the real space consisting of all possible values of 〈JˆAi 〉,
〈JˆBi 〉, 〈JˆAi JˆBj 〉, 〈(JˆAi )2〉 and 〈(JˆBi )2〉 satisfying the con-
straints
||〈 ~JA〉|| ≤ na2 (18)
〈(JˆAx )2〉+ 〈(JˆAy )2〉+ 〈(JˆAz )2〉 ≤ na2
(
na
2 + 1
)
(19)
(∆JˆAi )
2 = 〈(JˆAi )2〉 − 〈JˆAi 〉2 ≥ 0 (20)
(∆JˆAi )
2 + (∆JˆAj )
2 − |〈JˆAk 〉| ≥ 0 (21)
and similarly for B and i, j, k ∈ {x, y, z}. Note that we
do not consider higher order moments like 〈(JˆAi )2JˆBj 〉 as
they often require more experimental runs to be evalu-
ated. According to angular momentum theory, the sec-
ond and the third constraints are valid for all quantum
states, the fourth one comes from the Heisenberg inequal-
ity. Since the space of first and second order moments
of LCSO is convex, we look again for witnesses that are
linear in the parameters given above. Let us consider the
quantity
W2(~α)na,nb =
∑
i,j=x,y,z
(
αi,j〈JˆAi JˆBj 〉+ α¯i〈JˆAi 〉+ αi〈JˆBi 〉
+α¯
(2)
i 〈(JˆAi )2〉+ α(2)i 〈(JˆBi )2〉
)
.
5~α is here a vector with 21 elements (αi,j , α¯i, αi, α¯
(2)
i , α
(2)
i ).
When the expectation values are taken on the set on sepa-
rable states, the previous quantity can be upper bounded
by
w2(~α)na,nb = max
~JA, ~JB
∑
i,j=x,y,z
(
αi,j〈JˆAi 〉〈JˆBj 〉+ α¯i〈JˆAi 〉
+αi〈JˆBi 〉+ α¯(2)i 〈(JˆAi )2〉+ α(2)i 〈(JˆBi )2〉
)
,(22)
where the maximum is computed from the set of vec-
tors ~JA, ~JB satisfying (18) - (21). This yields the fol-
lowing family of entanglement witnesses suited for spins
distributed binomially between the locations A and B
w2(~α)−W2(~α) ≥ 0 (23)
where
w2(~α) =
∑
na
1
2N
(
N
na
)
w2(~α)na,N−na (24)
and W2(~α) = 〈Wˆ2(~α)〉 with
Wˆ2(~α) =
∑
i,j=x,y,z
(
αi,j Jˆ
A
i Jˆ
B
j + α¯iJˆ
A
i + αiJˆ
B
i (25)
+α¯
(2)
i (Jˆ
A
i )
2 + α
(2)
i (Jˆ
B
i )
2
)
. (26)
Now consider states of the form (15). As before, we op-
timize W2(~α)|φ〉 = tr
(
Wˆ2(~α)|φ〉〈φ|
)
over all possible lo-
cal rotations for a given choice ~α. This defines W2(~α)
opt
|φ〉 .
We then extract the minimum value of p for each witness
from the equation
pW2(~α)
opt
|φ〉 +(1−p)
∑
i=x,y,z
α
(2)
i + α¯
(2)
i
12
N(N +5) = w2(~α),
(27)
where the second term in the left hand side comes from
the mean values of second order moments of LCSO on
local white noise. The optimal witness is then obtained
by looking for the direction ~α leading to the minimum
value of p. Note that this optimization is not particu-
larly easy as it is a nonlinear optimization and the space
of possible values of first and second order moments of
LCSO has a dimension 21. To make it simpler, we re-
strict our interest to symmetric witnesses only – note
that the state on which we are optimizing is also sym-
metric under exchange of parties. Over 6000 numerical
optimizations with N = 26 atoms and a squeezing cor-
responding to χt = 0.0058 before splitting, we found the
following optimal witness twice
D = 〈(JˆAy − JˆBy )2〉+〈(JˆAz + JˆBz )2〉−〈JˆAx + JˆBx 〉 ≥ 0. (28)
This witness is satisfied for all separable states. We have
not been able to find a better witness for any value of χt
corresponding to squeezing parameters between −1 and
−10 dB for 500 atoms and for any atom number between
25 and 100 atoms.
The witness (28) is again given in a basis where |φ〉 is
rotated by the squeezing angle around the x axis before
the beamsplitter so that z corresponds to the squeezing
direction. Note that this criterion can be seen as a lin-
ear form of the well known Duan [24] and Simon [25]
criteria that have been successfully used for witnessing
continuous variables entanglement more than 15 years
ago [33], see also the generalization in Ref. [26]. By
linear, we mean that D involves the mean values 〈JˆAi 〉,
〈JˆBi 〉, 〈JˆAi JˆBj 〉, 〈(JˆAi )2〉 and 〈(JˆBi )2〉 only while the crite-
ria [24–26] also use the square of these mean values.
2 500 1000
0.99
1
N
p
Figure 4: Maximum tolerable local white noise for the op-
timal witnesses given in Eqs. (17) (orange dashed line) and
(28) (blue solid line) as a function of the total number of
spins. The state that is considered here is a mixture between
a spin squeezed state (with a squeezing parameter χt given
by 10 log10(ξ
2) = −10 dB for 500 atoms) with probability p
and local white noise with probability 1−p, see Eq. (15). We
conclude that the witness (28) is more resistant to local white
noise when N ≥ 30 for any squeezing between −1 and −10
dB for 500 atoms and any atom number between 2 and 500.
IV. COMPARISONS OF ENTANGLEMENT
WITNESSES USING FIRST AND SECOND
ORDER MOMENTS OF LOCAL COLLECTIVE
SPIN OBSERVABLES
The aim of this section is to compare the two optimal
witnesses (17) and (28) that we found in the two previous
sections. We first compare their resistance with respect
to local white noise, then to preparation noise before in-
vestigating their resistance to measurement noises.
A. Local white noise
As a first comparison, we focus on the resistance
of the optimal witnesses using first and second order
moments of LCSO to local white noise. We compute the
maximal amount of noise that can be tolerated by fixing
6χt = 0.0058 and varying the atom number. The result
is shown in Fig. 4 where the resistance of the witness
(17) is drawn in orange (dashed line) and the resistance
of the witness (28) is shown in blue (solid line). Let us
recall that smaller p translates into a better resistance to
noise. Note also that adding 0.1% (0.5%) of local white
noise to a spin squeezed state with 500 atoms and −10
dB squeezing effectively reduces the squeezing to −5.6
dB (−0.15 dB). We can fairly say that the witness using
second order moments of LCSO has a better resistance
to local white noise.
While local white noise often corresponds to a worst
case scenario, more specific noises are often relevant when
one wants to model experiments in detail. In the next
section, we compare the two witnesses (17) and (28) with
respect to noises that are relevant in experiments using
Bose-Einstein condensates.
B. Preparation noise
To compare the resistance to noise at the preparation
level, i.e. before the splitting, we apply the unitary shown
in Eq. (7) back into the observables involved in (17) and
(28) to get an expression of these witnesses before the
splitting. For the witness (17), we get
S ≤ N(N − 1)
16
⇐⇒
〈(JˆAx )2〉+ 〈(JˆAy )2〉 − 〈(JˆAz )2〉
4
− N
16
≤ N(N−1)16 . (29)
Here, the expectation values are to be understood on the
state before the beam splitter. When considering the
subspace that is symmetric under particle interchange,
this reduces to
S ≤ N(N − 1)
16
⇐⇒ 〈(JˆAz )2〉 ≥
N
4
. (30)
This shows that any symmetric state having a second
moment of a collective spin (in any direction) which is
smaller than the one of a coherent spin state with the
same mean number of spins leads to entanglement after
splitting. Moreover, this entanglement is always detected
by the witness (17).
For the witness (28), we have
D ≥ 0⇐⇒ 〈(JˆAz )2〉 ≥ 〈JˆAx 〉 −
N
4
. (31)
As the maximum value of 〈JˆAx 〉 for N spins is N2 (8), any
state violating (31) also violates (30). Therefore the first
order witness (17) is more robust than the criterion (28)
for any kind of noise before the splitting that keeps the
state in the symmetric subspace.
C. Measurement noise: coarse-graining
As said in the introduction, the local collective observ-
able JˆAz is measured by counting the number of atoms
in each state 1 and 2, i.e. JˆAz =
aˆ†1aˆ1−aˆ†2aˆ2
2 =
nˆA1 −nˆA2
2
where nˆAi is the atom number at location A in state i.
Projections along other spin directions are obtained by
appropriate Rabi rotations before the measurement. We
here consider the case where the collective spin measure-
ments are coarse-grained due to imperfect atom number
measurements. In particular, we assume that the mea-
surement noise leads to an unbiased Gaussian distribu-
tion of atom number, i.e. nˆAi is replaced by (nˆ
A
i + ) with
probability density gσc(), where σ
2
c is the variance of the
Gaussian noise distribution and similarly for nˆBi .
Under the assumption that the measurement noise at
location A is uncorrelated with the noise in B, the witness
involving first order moments of LCSO are insensitive
to this noise. Therefore witness (17) is insensitive to a
coarse-graining of the measurement outcome.
On the contrary, assuming also that the noises on nˆA1
and nˆA2 are uncorrelated (similarly in B), the witness in-
volving second order moments of LCSO yields
〈(JˆAy −JˆBy )2〉+〈(JˆAz +JˆBz )2〉−〈(JˆAx +JˆBx )〉 ≥ −2σ2c (32)
for all separable states. This means for example that
for an uncertainty corresponding to 5 atoms (σc = 5),
a minimum squeezing of ∼ −2 dB is required to reveal
entanglement in a set of 500 atoms with the witness (28).
D. Measurement noise: phase noise
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Figure 5: The orange dashed line (blue line) gives S− N(N+1)
16
(D), i.e. the violation of the witness (17) ((28)) as a function
of the phase noise (in degrees).
Due to the difference in energy between the states 1
and 2, the collective spin state |ψ〉 rotates around the z
axis. The spin projections discussed so far are thus im-
plemented in a rotating frame, i.e. the frame of the state
is taken as a reference frame. Phase noise refers to a
7mismatch between the frame of the state and the frame
of the measurements which can be due to magnetic field
fluctuations. In the present case, we consider uncorre-
lated phase noise between the wells. To take this phase
noise into account, the spin projections are not calculated
on |φ〉 but on
ρσ =
∫
dθAdθBgσp(θA)gσp(θB)RARB |φ〉〈φ|R−1A R−1B
(33)
with RA = e
iθAJˆ
A
z , RB = e
iθB Jˆ
B
z and gσp(θA) and
gσp(θB) are unbiased Gaussian distributions with a stan-
dard deviation σp.
Fig. 5 shows the violations, i.e. the values of S −
N(N+1)
16 and D for −10 dB squeezing and N = 500 spins
as a function of the standard deviation σp. We see that
the witnesses (17) and (28) have essentially the same re-
sistance to phase noise. In particular for phase noise of
±3.4 degrees, the violation disappears and neither of the
witnesses can detect entanglement. We have been able to
explore several parameter regimes and for any χt between
0.00046258 and 0.0058 which correspond to squeezing be-
tween −1 and −10 dB for 500 atoms and any spin number
between 2 and 1000, we found that the violation of both
witnesses disappears for the same uncertainties on the
phase. We conclude that their resistance to phase noise
is thus comparable.
V. REQUIRED STATISTICS
In this section, we give an estimation of the number of
experimental runs that would be necessary to estimate
the quantities (17) and (28). Let us first consider the
witness (17). We assume that the spin projections JˆAi Jˆ
B
i
are independent quantities that are measured Nm times
[34]. Let X¯k, Y¯k and Z¯k the values that Jˆ
A
i Jˆ
B
i takes at
the run k for i = x, y and z respectively. The estimator
of S after Nm runs is given by
S¯ =
1
Nm
Nm∑
k=1
X¯k +
1
Nm
Nm∑
i=1
Y¯k − 1
Nm
Nm∑
k=1
Z¯k (34)
and the fluctuations of this mean value are parametrized
by
σS¯ =
1√
Nm
√
σ2X + σ
2
Y + σ
2
Z (35)
where σ2X is the standard deviation of variables X¯k and
similarly for σ2Y and σ
2
Z . Here we assumed that the
runs are independent and identically distributed. Let
us consider an experiment performed on the state ρ¯.
The mean value of S¯ after Nm runs is given S¯q =
tr
(
ρ¯(JˆAx Jˆ
B
x + Jˆ
A
y Jˆ
B
y − JˆAz JˆBz )
)
while σ2X is given by
σ2X,q = tr
(
ρ¯(JˆAx Jˆ
B
x )
2
)− (tr(ρ¯JˆAx JˆBx ))2 and similarly for
σ2Y and σ
2
Z . The number of runs that is needed to es-
timate the value of the witness with a precision 3 times
smaller than the distance to the separable bound can thus
be estimated by solving
|S¯q − N(N + 1)
16
| = 3√
Nm
√
σ2X,q + σ
2
Y,q + σ
2
Z,q. (36)
We follow the same line of thought for the criteria D by
considering the estimator
D˜ =
1
Nm
Nm∑
k=1
X¯k +
1
Nm
Nm∑
i=1
Y¯k +
1
Nm
Nm∑
k=1
Z¯k (37)
where X¯k, Y¯k and Z¯k are the values of −JˆAx − JˆBx , (JˆAy −
JˆBy )
2 and (JˆAz + Jˆ
B
z )
2 at the run k.
For concreteness, we consider a spin squeezed state
made with N=500 spins with an uncertainty on the
phase of ±1 degree and a measurement coarse-graining
of ±5 atoms. As a function of the initial squeezing
parameter, we compute the number of runs needed to
observe a value of the witnesses (17) and (28) exceeding
the separable bound by 3 standard deviations. The
result is shown in Fig. 6. We see that one needs less
runs to estimate the criteria S with an accuracy of 3
sigma if the initial squeezing ξ2 > −6 dB mostly because
of the insensibility with respect to detection noise.
0 -5 -100
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Figure 6: Number of evaluations of the witnesses which are
required in order to be 3 sigma less than the violation as func-
tions of the initial squeezing in dB. The blue line represents
the criterion S and the red dashed line represent the criterion
D
VI. CONCLUSION
The aim of this work was to clarify the requirements
to reveal entanglement between the two parts of a spa-
tially split spin-squeezed Bose-Einstein condensate. We
focused on two families of witnesses. The first one uses
first order moments of local collective spin operators, i.e.
〈JˆAi 〉, 〈JˆBi 〉, 〈JˆAi JˆBj 〉 where i, j labels the components in
the directions x, y and z. The second family of witnesses
involves not only first order moments of local collective
operators, but also the second order moments 〈(JˆAi )2〉
8and 〈(JˆBi )2〉. In both cases, we found the witness that is
the most resistant to local white noise. In the first case,
we found a witness closely connected to the scalar prod-
uct given in Ref. [27]. In the second case, the best linear
witness regarding local white noise turns out to be a lin-
ear form of the Duan [24] and [25] criteria for spins. We
have then compared these two optimal witnesses with
respect to their robustness to various noises and we fi-
nally gave an estimate of the statistics needed for their
experimental measurement. This work lays the theoret-
ical ground that is needed for an ambitious experiment
aiming to detect entanglement in a split Bose-Einstein
condensate. The next step will be to show how to vi-
olate a Bell inequality in this scenario – a milestone to
extend the field of device-independent quantum informa-
tion processing to many-body physics.
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